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Design of Low-Drag Axisymmetric Shapes by the Inverse Method 

Charles Dalton* 
University of Housfon, Houston, Texas 

and 
M.F. Zedan.1 

Brown &Root, Inc., Houston, Texas 

The inverse method ir applied to the design of a low-drag aerodynamics shape. The problem treated is an 
axisymmetric bardy generated by means of an axial distributiun of line sources and sinks. Recommended low- 
drag shapes are examined to determine if modlCication uf Lhc external velocity will lead lo v reduced drag by 
body reshaping. It is found that the delay of transition un a particular known body shape can bc achieved. This 
results in an improved body shape with lower drag coefficient and better transition charactfristlcs at s volume 
Reynolds number of 5 x 10'. This study demonstrates the importance of the inverse rnelhud in determining luw- 
drag shapes. 

Nomenclature 
= reference area 
=vector in velocity equations 
=volume drag coefficient 
= skin-friction coefficient 
= drag 
= fineness ratio 
=shape factor 
=body length 
=number of unknown coefficients 
=velocity onsurface =\'u2 + v 2  
= radial coordinate 
=momentum thickness Reynolds number 
= length Reynolds number 
=volume Reynolds number 
=slope of meridian line on surface 
=geometric matrix in u equation 
= x  direction velocity 
= uniform approach velocity 
= r  direction velocity 
=body volume 
=geometric matrix in v equation 
=coordinate in direction of body length 
=distance from leading edge to first element 
=distance from trailing edge to last element end 
= fluid density 
=kinematic viscosity 
=stream function 
=strength of variable intensity source - 
=dummy variable of integration 
=geometric matrix in W equarion 
= axi~ymmetric momentum thickness 
= axisymmetric displacement thickness 

Introduction 

T HE design of low-drag axisymmetric body shapes i~ 
currently receiving considerable attention in the engineer- 

ing community. The motivation is the need to develop more 
efficient shapes suitable for airship, torpedos, and submarine 
applications. With the increasing cost of energy, recent 
studies dernonstratcd the feasibility of the use of airships in 
long-distance handling of large bulky cargo. Most of the 
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analyses on airship aerodynamics are quite old; thus, it is 
timely to reconsider the airship shape using the latest design 
considerations to reduce the drag. Underwarer vehicles also 
have the potential for significant drag reduction, as has been 
pointed out by a number of investigators. A likely op- 
portunity for drag reduction has to do with body shaping to 
produce as long a run of laminar boundary layer (LBL) along 
the body surface as possible. 

For a body of revolution in an incompressible axial flow, 
the total drag may be divided into two parts. The first part is 
due to fluid friction (viscosity) along the body surface, while 
the second is due to the net pressure force acting on the body 
in the direction of the undisturbed flow. For a streamlined 
body with a thin and attached boundary layer, pressure drag 
is negligible compared to viscous drag. Since the effects of 
viscosity are confined to the boundary layer, friction drag can 
be reduced by controlling the growth of the boundary layer. 
An effective and economical method to achieve that is by 
appropriate body shaping. The classical approach to shape 
design is to start with a certain geometry that conceivably 
satisfies the requirements, and then to manipulate the 
geometrical parameters to achieve lower drag and/or enhance 
other required characteristics. This procedure can probably be 
classified as a "trial-and-error" approach; the success 
depends mainly on the individual designer's experience. An 
alternative procedure is to use the inverse-problem approach. 
In such an approach, a prescribed velocity distribution is 
input and the corresponding shape is computed. Obviously, it 
i s  easier to manipulate the velocity distribution as compared 
to the body geometry to achieve specific requirements. This is 
due simply to the fact that cavitation, flow separation, and 
boundary-layer transition are related to the characteristics of 
the velocity distribution in a more direct manner than to the 
body geometry. Thus, the inverse-problem approach, while 
not eliminating trial and error, reduces it substantially; it is 
also a more effective means to judge the limits of im- 
provements that can be achieved in some situations. This 
approach has been used effectively in the design of highly 
loaded airfoils. However, its use in axisymmetric body design 
has been very limited until recently due to the lack of an 
adequate inverse-problem solution and to the lack of in- 
formation about the characteristics of the velocity distribu- 
tions around low-drag shapes. 

The objective in this paper is to demonstrate the use of the 
inverse-problem approach in the design of low-drag bodies of 
revolution suitable for large torpedo and small airship ap- 
plications. Since the primary function of these bodies is to 
carry a given payload, the one-third power of the volume V N  
is used as a characteristic dimension. The study is carried out 
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for a given volume Reynolds number R ,  (= U ,  V X / v )  of 
5 x107. The input velocity distribution for the inverse- 
problcm program is based on  a detailed computational study 
recenlly carried out by the authors in which they compared the 
drag characteristics of a number of low-drag shapes suggested 
by other investigators. The results of this study gave con- 
siderable insight to the effect of velocity distribution on drag 
and body shape. The delay of transition was used as a key for 
the reduction of drag. Following the trends indicated by this 
study. a velocity distribution was suggested for input Lo the 
inverse-problem program developed by the authors. 

Previous Low-Drag Studies 
One of the carliest nf these is a 1950 study of GcrtlerZ who 

built 24 models of different shapes. These models were tested 
at various Reynolds numbers by towing them through water 
at differen~ speeds. The overall drag was measured but the 
boundary-layer characteristics were not. The purpose of the 
Gertler study was submarine design which had a volume 
Reynolds number of approximately 3 x  lo8.  Since Lhe 
maximum test volume Reynolds number was about 5 x l o h ,  it  
was necessary to trip the boundary layer at 5 %  of the body 
lcngth to  simulate the prototype situation. Gertler's study 
produced a best shape from the 24 models he studied. 
However, his best-shape model cannot be construed to be a n  
opt imum-shape body since a n  op~imization procedure was not 
followed. The iesrs by Gertler have been described by Hess3 
as highly accurate and have represented excellent test cases for 
computalional methods over the years. 

Carmichac14 in 1966 developed a new low-drag body by 
means of shapc manipulation. Through his experiments, 
Carmichael showed that reducing the fineness ratio (FR) has 
the effcct of reducing the surface area and consequently the 
drag. Then by proper body shaping in analogy with laminar 
airfoils, a body of FR = 3.33 was deduced from the NACA 66 
airl'oil series. This tailboomed body (called the Dolphin) was 
gravity tested in the Pacific Ocean. Drag reduction of 60% 
was achieved over the conventional torpedo shape for equal 
volumes at length Reynolds numbers of 2-3x10'. The 
primary reason for such 5ignificant drag reduction is the 
strong flow acceleration on  the forc part of the body. This 
acceleration delays boundary-layer transition to a farther aft 
point on the body. To vcrify this, transition Iength Reynolds 
numbers of 1.4-1.8 x lo7 were deduced by comparing the 
experimental results to computational results. This transition 
delay proves to be a very effective technique in viscous drag 
reduction. Herte15 considered the shapes of several fast- 
swimming animals (tunny, trout, doIptiin, and shark) as  
candidates for a low-drag shape for a given volume for VTOL 
subsonic aircraft applications (R, - loX). The study indicated 
that Lhc substantial pressure drop ceases at x l L  =0.1 for the 
tunny and trout shapes which have elliptic noses. Therefore, 
the chance of sustaining a laminar boundary layer beyond this 
point is rernole at such high Reynolds numbers. On the other 
hand, shapes with parabolic noses, such as the dolphin and 
shark, have a strong favorable pressure gradient for a larger 
distance. Based on  these considerations, Hertel developed a 
new fuselage shape (called Shark 1) which has a 0.22 thickness 
ratio, rharp nose, and rounded tail. Because of the strong 
flow acceleration in the range O<x/L<0.4, Hertel's tran- 
sition predictions showed that the boundary layer remains 
laminar up  to x / L  =O.35 at R,  = lo8.  Such a transition delay 
and Ihe small fineness ratio resulted in a big reduction in drag 
for a given volume. Parsons and Coodsonh developed a 
computer-oriented optimization procedure together with a 
drag calculation package for the auromatic synthesis of 
minimum drag shapes for a given A,. A number of subop- 
tirnum shapes were developed at different R ,  in the range of 
5 x  10h lo  5 x  lo7.  Two shapes, F2-49 and F-57, with ap- 
proximately thc same drag at R ,  = 5 x 10' were developed 
under the condition of a sustained laminar boundary layer 
(LBL). The Parsons and Goodson study alsu showed that the 
drag coefficient C,,(= W / p  Vq' U,') was insensitive Lo body 

shape provided that separation did not occur and that the 
LBL was not extended. The best turbulent design, body 1-36 
a t  R ,  = 5 x l o h ,  had about the same drag coefficient as 
Gertler's best profile. Myring,' assuming a completely 
turbulent boundary layer (TBL), st udicd the effect of body 
shape on the viscous drag by changing one parameter at a 
t ime. The lowest drag shapc, which has continuously 
changing area distribution, showcd a reduction in the drag 
coefficient based on  surface area CD-q of as much as 10% over 
other shapes at the same R ,  and for the same FR. H e s ~ , ~  
assuming that the boundary layer i s  turbulent from the nose, 
developed a simplified drag integral formula based on 
Truckenbrodt's method for TBLs. Hess's formula was used 
to study the drag of widely different profile shapes. Hess 
indicated that C,, is quite insensitive to hull shape and, 
consequently, some means other than hull shaping should be 
used in situations when a considerable run of LBLs is not 
expected. Hess also tried unsuccessfully to use the inverse- 
problem method of Bristow # to design low-drag shapes. He 
pointed out the lack of information about the characteristics 
of the velocity distribution needed lo produce Iow-drag 
prufiles. Using a velocity distribution of consrant value ovcr 
most of the body and Bristow's inverse-problem program 
produced what Hcss called "cavitation shapcs. " The drag 
performance of  these shapes did not show any advantage over 
prolate spheroids. 

Kecenlly, Zedan and Dalton carried out a computatiorial 
drag study to compare the characteristics of  most of the low- 
drag shapes discus~ed earlier at R ,  of 5 x 1 O7 and lo8. The 
study showed lhat most all of the profiles have C,,= 0.013 at 
R ,, = 10 assuming a TBL over most of the body. Transition 
calculations showed that such an assumption is quite ac- 
curate; however, it is conceivable t o  have a short hut not 
negligible run of LBL by increasing the flow acceleration over 
the first 20010 of the body. At A,, =5x107 ,  the Zedan and 
Dalton study showed that all shapes except the Shark and F- 
57 have early transition and, Lhcrefore, are not promising. 
This part of the study is briefly reviewed later since the present 
work is based an it. 

The Inverse-Problem Method 
The inverse problem in hydrodynamics may be stated as 

follows: given a prescribed velocity distribution, find the body 
shape that wi l l  produce, whcn placed in a uniform flow, the 
closest possible velocity distribution t o  the prescribed m e .  
While there are two other methods in the literaturex,") to solvc 
this problem, wc chose to use our own r n e t h ~ d ~ ~ - ~ ~  due to ita 
simpIicity. Bristow's method is iterative; the body geometry is 
updated in each ileration such that the mean square difference 
bctween the prescribed velocity distribution and the velocity 
distribution calculated by the Douglas-Neumann surface 
sourcc direct method l4  i h  minimi~ed.  The method appears to 
be quite accurate but it is mathematically tedious, and 
requires lengthy computations and a largc computer facility. 
As far James' method, a confornlal mapping technique is 
used t o  transform the body meridian curve into a simpler 
geumetry. The governing partial diffcrential equation that 
results in the transformed plane is transformed into a number 
of ordinary differential equatiorls which are solved 
analytically ustng a series solution employing sequences of 
Fourier, Chcbyshev, o r  Legendre fiinctions, Ail iterative 
procedure which starts with an initial guess of the body 
geamerry is used t o  solve the inverse problem. The method 
converges faster than tlristow's method, h o w e ~ e r  it is 
mathematically complicated. 

The author's method "-I7 i q  based on representing the 
axisymmerric body by a source dislribution of variable in- 
tensity uE along its axis. The integral cquations representing 
the tlowfield due to  the source distribution and a uniform 
strcam of velocity U ,  are 
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Control Point " i "  
( x J I  

- Fig. 1 Definition skclch of element< and singu- 
7 x 1 -  11 L - ~ ~ - 4  <, K larity distribuliun Cor I he inverse-problem 

Xj+l .. XI 
methud. 

L 

and 

where $ is the stream function at a point ( x , r )  in the flow- 
field, and u and v are the axial and radial velocity components 
at the same points, and x,, and x, are defined in Fig. 1. Each 
integral in Eqs. (1-3) can be written as a summation of in- 
tegrals over N singularity elements distributed between x, and 
x,  as shown in Fig. 1 .  Representing the source intensity over 
each element by a polynominal of arbitrary degree allows 
evalualion of the element integrals in closed form. Zedan15 
was able to reduce the integral equations (1 -3), when applied 
at a control point i , to the following algebraic equations: 

and 

where C, is a one-dimen~ional array which includes the poly- 
mon~ial djs_tribution coefficients over all elements, the ma- 
trices *,,, U,,, and Vu are pure functions of profile geometry, 
and M is the number of the unknown coefficients Cj. 

Since the total flow velocity should be everywhere tangent 
to the body surface, then 

where q is the prescribed velocity on the body surface and 6 is 
the slope (dr/dx) of the meridian line of  the  body. 

The solution starts with an initial guess of the body geom- 
etry; an ellipsoid of high fineness ratio (FR -16) is satisfac- 
tory for most cases. The slope of the meridian line Si and the 
matrices !$v, 0,-, and PG are computed for this geometry. 
The axial velocity component ui is then calculated from Eq. 
(7). The M unknown coefficients C, are obtained by solving a 

1 C O O ~ ~ ~ ~ T E S  H POTENTIAL F l a w  

SURFACE 

SOLUTlON H VELOCITY I 
DISTRIBUTION 

H CRABTREE'S 
TRANSITION (X /qr AND(%j, 

DISTRIBUTION CRITERION I-/ 1 

VELOCITY 
DISTRIBUTION 

AND BODY 
COORDINATES 

H , ~  , ( R&, v w m  PATEL'S METHOD 1 I T T I O  h ?::AL H $5: 1 
AND BODY COORD DRAG FORMULA 
1-- 

Fig. 2 Rlnck diagram of drag calculatinn scheme. 

T!4WAlTB1 METHOD 
FOR LBL 

system of linear equations that consists of the following: 1) 
Eq. (5) applied at (M-N) control points, 2) (N- 1)equations 
described by the constraint of continuous source intensity at 
the junction points between the elements. and 3) the closure 
condition (the net efflux of the source distribution for a closed 
profile is zero). With the coefficients C,, the radial velocity 
distribution v ,  is computed from Eq. (6). The new body radius 
is calculated from Eq. (4) by setting $, equal to zero at all 
control points; if this fails, a different stratcgy based on 
integrating the v i / u i  array with respect to x is used as 
described by Zedan. I s  The new profile geometry replaces the 
initial shape and the calculations are repeated in an iterative 
manner until convergence is attained. The details of the 
algorithm and the convergence criteria are given by Zedan. 
Numerous test cases showed that using a linear intensity 

8 rts), H(s1, 
AND 

C , l ~ l ,  Ro(sI  

variation over all elements except over the last one, where a 
parabolic distribution is used, gives the best results for most 
streamlined body shapes. 
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Fig. 8 Inverqe problem calculated body shapes at different iterations 
for modified velocity distribution d F i g .  10. 

shape becomes obvious. However, i f  w c h  early transition can 
be avoided, the figure indicates that the transition behavior of 
the F-57 shape becomes better than for the Shark. In fact, if 
the Crahtree curve is extrapolated (just for comparison 
purposes) as shown in the same figure, the transition values of 
R, for the F-57 and the Shark profiles are 3680 (x /L  = 0.42) 
and 3080 (x /L  = O.37), respectively. The boundary-layer 
solution for these two shapes is shown in Figs. 6 and 7. Figure 
6 shows the evoiution of the boundary-layer momentum 
thickness, @, and the shape factor, H, while Fig. 7 shows the 
evolution of the skin friction coefficient C ( - T, /  l / zpqJ ) and 
C,,(x) along the body surface. The sojution for the F-57 
profile is shown for the two transition locations mentioned 
earlier. The predicted value of C,, for the Shark is about 
0.0141 while the values for the F-57 profile are 0.0141 and 
0.0086 for x,, /L = 0.1 and 0.422, respectively. 

Based on  the above mentioned results, the F-57 shape seems 
more attractive as a low-drag design for this Reynolds number 
(R,= 5 x lo7)  provided we can inwre no transition in the 
range 0.08 s x / L  10.1 3. The inviscid flow velocity distribu- 

Fig. 6 Buundary-layer development fur Shark and F-57 profiles, 
R , = S x  I n 7 .  

of Herte15 and the F-57 of Parsons and Goodson6 have 
transition within the first 10% of the body length and about 
the same volume drag coefficient (C,, = 0.01 4). Such drag 
results are summarized in Table 1. The transition location was 
predicted using the Crabtree criterion. The transition 
characteristics of the Shark and the F-57 profiles are shown in 
Fig. 5. No transition is indicated within the limits of the 
criterion as proposed by Crabtree; however, the curve of 
profile F-57 comes very close t o  the Crabtree Lransition line 
(in contrast with the Shark shape) in the range 
1600 < R,  < 20110. I t  is conceivablc that transition for the F-57 
profile may be triggered in that range (which c~rresponds t o  
x / L  = 0.1) due to the uncerlainty of the Crabtree curve; such 
uncertainty is a characteristic of all transition criteria. With 
this early transition for the F-57, the advantage of the Shark 

tion for the two shapes $ h o w  in Fig. 3 indicates that the vel- 
ocity gradient, dq/ds, is greater for the Shark in the range 
0.07sx/L<0.25  as compared t o  the F-57 profile. This pro- 
vides greater stability for the LBL. So, it appears that a slight 
modification in the velocity distribution of the F-57 profile, so 
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o v/u Developed Pmfrle 

dr/dr Developed Profile 

dr/dx F-57 Profde 

F i g .  9 .4 cdmparison of ratio uf velocit! components u/rr calculaled 
in runvergencu i l r r ~ l i o n  and slope of the meridian line lor case of Fig. 
8. 

Table 2 Coordinates and velocity distribution 
o f  the developed profile 

x l  L '0lL [ q / U m ) *  ( V / U )  " dr,/dx 

dCalculnred fiom the  \ i r~gular~tydif tr l l>~lt ior~ oblainedin iteration 7. 

as to increase dy/& in that range, can prevent early transi- 
tion. The profile which produces the modified velmity distri- 
bution can be obtained from the inverse-problem solution. 

A New Profile Shape 
The modified velocity distribution is shown in Fig. 10. With 

this velocity distribution as input, the inverse problem method 
described earlier was used to dcvelop a new profile shape. 
Twenty-four equal length elements with linear intensity 
variation and one clcment of twice the length (of other 
elements) with parabolic intensity distribution were used. The 
solution converged quite well. Convergence waq almost 
complete in iteration 4; however the best agreement between 

- Modifled Velocity Distribution (Prescribed) 

o Computed Velocity Distribution In Itarotion 7 

Computed WBloclty D~stribut~on for the Developed 
0.7 Profile (by Direct Problm) 

t I I 
0 0.1 0.2 0.3 0.4 0.5 a6 0.7 0.8 R9 1.0 

K /L  
Fig. 10 Prescribed and calculaled velncit). dislrihutiunu Fur 
develnped shape of Fig. 8 and velncify distrihutirm uf original 1.'-57 
prufilr. 

-004 -0.03 -002 -0.01 0.0 0.01 0015 
-le2/v)(dq/dsl 

Fig. I 1  'I'ransiliun charauieristirs uT orizinal F-57 profile and dcvel- 
oped shape uf Fig. 8, H ,  =5  x lo7 .  

dr,/dx and v / u  occurred in iteration 7. Figure 8 shows the 
starting geometry (iteration 0) and the calculated body shape 
at iterations 1, 2, and 7. Also shown in the same figure is the 
original F-57 profile. Notice that the vertical scale (for r, /L) 
is magnified to exaggerate the difference between the new 
shape (iteration 7) and the F-57 profile. The developed body is 
thicker than the F-57 profile in the front half, while the two 
profiles are essentially the same for x /L  > 0.6. This is expected 
since the velocity distribution on the rear half has not been 
altered. Figure 9 and Table 2 show excellent agreement 
between dr,/dr and v/u  for the developed profile in iteration 
7; thus confirming convergence. The variation of dr,/dx for 
the F-57 profile is also shown in that figure in order to 
compare with the new shape. The variation of the slope of the 
meridian line (dr , /dx)  of the new shape is smoother in the 
front half as compared ro that of the F-57 profilc. The 
calculated velocity distribution in iteration 7 for the new 




